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In this paper we investigate the cosmological dynamics of geometric inflation by means of the
tools of the dynamical systems theory. We focus in the study of two explicit models where it is
possible to sum the infinite series of higher curvature corrections that arises in the formalism. These
would be very interesting possibilities since, if regard gravity as a quantum effective theory, a key
feature is that higher powers of the curvature invariants are involved at higher loops. Hence, naively,
consideration of the whole infinite tower of curvature invariants amounts to consideration of all of
the higher order loops. The global dynamics of these toy models in the phase space is discussed and
the quantum origin of primordial inflation is exposed.
I. INTRODUCTION
Since long ago it has been suggested that the quantum
gravity action should contain, in addition to the Einstein-
Hilbert action, contributions from higher-order curvature
invariants involving more than the first two derivatives
of the metric tensor [1]. Although such higher-derivative
terms in the action would carry negligible consequences
in the classical (infra-red) domain, at high frequencies
they would dominate, leading to power-counting renor-
malizability [2, 3]. It has been shown that gravitational
actions which include terms quadratic in the curvature
tensor are indeed renormalizable although not unitary
[4]. After due consideration of the Gauss-Bonnet topo-
logical invariant,
X4 = R
2 − 4RµνR
µν +RµνλσR
µνλσ, (1)
only terms ∝ R2 and ∝ RµνR
µν , were considered in [4].
As shown in [5] (see also [6, 7]) such a quadratic (two-
parametric) class of theories yields to a class of multimass
models of gravity with a total of eight degrees of freedom:
In addition to the usual massless excitations of the field
(2 degrees of freedom), there are now massive spin-two (5
degrees of freedom) and a massive scalar excitations. The
massive spin-two part of the field has negative energy so
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that it is a ghost excitation which, although for an effec-
tive theory could not be catastrophic, from a quantum
perspective leads to non-unitarity.
In four-dimensional space the class of theories derivable
from Lagrangians that depend exclusively on the metric
tensor field L = L(gµν) (and of its derivatives), and that
admit 2nd order equations of motion, is limited by the
Lovelock theorem [8, 9]. According to this theorem the
only 2nd order Euler-Lagrange equation Eµν = 0, obtain-
able in a four-dimensional space from a Lagrangian of the
form L(gµν) is when [10]: Eµν =
√
|g| (αGµν + λgµν) ,
where α, and λ are constants and Gµν = Rµν − gµνR/2
is the Einstein’s tensor. The general class of Lagrangians
that lead to these 2nd order equations of motion reads:
L =
√
|g| (αR+ βX4) + γǫ
µνσλRαβµνRαβσλ,
where the second and third terms above do not contribute
to the Euler-Lagrange equations. As a consequence, in
four dimensions, the only viable alternatives to general
relativity (GR) should be based either i) on the consid-
eration of other fields beyond the metric or ii) on the
assumption of higher-dimensional spaces, or iii) on the
inclusion of higher than second derivatives of the metric
in the equations of motion, among a few others [10].
Hence, an interesting possibility to evade the Lovelock
theorem in order to obtain equations of motion that differ
from the GR ones, is to relax the requirement of consid-
ering up to 2nd-order derivatives of the metric. This has
been, precisely, the route followed in a series of recent
works [11–17], in order to obtain dynamics substantially
different from those resulting from GR.
Among these “beyond Lovelock” proposals is the so
called Einsteinian cubic gravity (ECG) theory [11–13].
The ECG formalism is the outcome of an approach based
2on a D-dimensional theory involving arbitrary contrac-
tions of the Riemann tensor and the metric:
S =
∫
dDx
√
|g|L(gµν , Rµνσλ), (2)
whose motion equations
Eµν = PµσρλR
σρλ
ν −
1
2
gµνL− 2∇
λ∇σPµλσν = 0, (3)
where Eµν is the EulerLagrange tensor, and
Pµνσλ ≡
∂L
∂Rµνσλ
∣∣∣∣
gαβ
,
contain up to fourth-order derivatives of the metric. The
linearization of (3) around maximally symmetric back-
grounds with Riemann tensor
R
(0)
µνσλ = Λ
[
g(0)µσ g
(0)
λν − g
(0)
µλ g
(0)
σν
]
,
where the metric gets small perturbations of the kind:
gµν = g
(0)
µν + hµν (here g
(0)
µν is the background metric
while hµν ≪ 1 are the small perturbations), yields to
the gravitational spectrum consisting of:1 i) a massless
graviton, ii) a massive (ghost) graviton with mass mg
and a massive scalar mode with mass ms, i. e., basi-
cally the same spectrum found in the four-dimensional
quadratic theory of [4–7]. In the effective theory, in the
limit |mg| → ∞, |ms| → ∞, the massive vacuum modes
become infinitely heavy and decouple from the spectrum
of the theory, leaving the massless graviton as the only
propagating vacuum degree of freedom, as in GR. It is
demonstrated in [11] that the most general cubic the-
ory possessing dimension-independent couplings, which
shares spectrum with GR reads:
L =
√
|g|
2
(R− 2Λ0 + 2αX4 + 2βX6 + 2λP) , (4)
where, in four dimensions, the quadratic Lovelock term
X4 is topological, while the cubic Lovelock term X6 iden-
tically vanishes. The cubic term P :
P = 12R ν σµ λ R
τ ρ
ν σ R
µ λ
τ ρ +R
νσ
µλ R
τρ
νσ R
µλ
τρ
−12RµλνσR
µνRλσ + 8R λµ R
ν
λ R
µ
ν , (5)
is neither trivial nor topological in four dimensions.
In [15] a cubic modification of Einstein’s GR was pro-
posed which generalizes the ECG [11, 12, 14]. The pro-
posed modification, called as cosmological ECG (CECG),
1 For the full details of the linearization procedure see [11].
rests on the following combination of cubic invariants:
P − 8C, where
C = RµλνσR
µλν
τR
στ −
1
4
RRµλνσR
µλνσ
−2RµλνσR
µνRλσ +
1
2
RRµνR
µν . (6)
Although this latter invariant was previously found in
[13], in that reference the authors were interested in static
spherically symmetric spaces where C vanishes. The ac-
tion of the CECG theory and the derived equations of
motion read (we adopt R(3) ≡ P − 8C):
S =
1
2
∫
d4x
√
|g|
(
R − 2Λ + 2βR(3)
)
,
2Eµν = Gµν + gµνΛ + 2β
[(
∂R(3)
∂Rµαβσ
)
R αβσν
−
1
2
gµνR(3) − 2∇
α∇β
(
∂R(3)
∂Rµαβν
)]
= 0. (7)
In general the equations (7) are fourth-order and so the
Lovelock theorem [8] is not violated by the CECG the-
ory. An interesting property of this theory is that in
Friedmann-Robertson-Walker (FRW) spacetime the mo-
tion equations are second order in the time-derivatives.
For other backgrounds as, for instance, the plane-
symmetric Bianchi I space, the cosmological equations
are fourth-order in the derivatives (see the appendix A
of [18]).
In [16] it is shown that the combination of cubic invari-
ants defining five-dimensional quasitopological gravity,
when written in four dimensions, reduce to the CECG. It
is also introduced a quartic version of the CECG and a
combination of quintic invariants with the properties of
the mentioned theory. In this context we want to mention
that long ago, in [19], the effect of higher-curvature terms,
up to corrections quartic in the curvature invariants, in
the string low-energy effective action has been studied
for the bosonic and heterotic strings as well as for type II
superstring in the cosmological context.2 Meanwhile in
[17] it is shown how to construct invariants up to 8th or-
der in the curvature. In the latter reference it was shown
also that the presence of an inflationary epoch is a natu-
ral, almost unavoidable, consequence of the existence of
a sensible formalism involving an infinite tower of higher-
curvature corrections to the Einstein-Hilbert action. The
formalism was called “geometric inflation” because the
only field required was the metric. In string theory we
are familiar with such a structure as the string effective
2 In the context of superstring theory it has been shown long ago
that the effective gravitational action should be, at least, 4th
order in the Riemann tensor [20].
3action contains an infinite series of higher curvature cor-
rections to the leading Einstein gravity (see, for instance,
[19]).
The beyond Lovelock theories – as any other higher
curvature modification of GR – are characterized by the
high complexity of their mathematical structure, so that
only through feasible approximations one may retrieve
some useful analytic information on the cosmological dy-
namics. Otherwise one has to perform either a numeric
investigation or to apply the tools of the dynamical sys-
tems theory. The latter allows one to retrieve very use-
ful information on the asymptotic dynamics of the men-
tioned cosmological models. The asymptotic dynamics
may be characterized by either i) attractor solutions to
which the system evolves for a wide range of initial con-
ditions, ii) saddle equilibrium configurations that attract
the phase space orbits in one direction but repel them
in another direction, iii) source critical points which may
be pictured as past attractors, or iv) limit cicles, among
others. Although the use of the dynamical systems is spe-
cially useful when one deals with scalar-field cosmological
models (for a small but representative sample see [21–
27]), its usefulness in other contexts has been explored
as well [28–31]. The tools of the dynamical systems have
been used, in particular, in the study of the CECG cos-
mological model in [32], while in [33] the dynamics of the
so called extended cubic gravity f(P) was explored.
In the present paper we shall look for the global asymp-
totic dynamics of the geometric inflation formalism de-
veloped in [17]. We shall explore two explicit toy models
where it is possible to sum the infinite series of higher
curvature corrections that arises in the formalism. These
would be very interesting possibilities if regard gravity as
a quantum effective theory [34]. Actually, as discussed
in the latter reference, if treat gravity as a quantum ef-
fective theory, it is a well-behaved quantum theory at
low energies. For the gravitational part of the effective
theory we would have:
Seffgrav =
∫
d4x
√
|g|
(
1
2
R− Λ
+c1R
2 + c2RµνR
µν + · · ·
)
, (8)
where Λ, c1, c2,... are constants and the ellipses denote
higher powers of R, Rµν and Rµνσλ. At one loop the
divergences due to the massless gravitons read [35] (recall
that we work with units where 8πGN = 1):
∆L(1) =
1
8π2ǫ
(
1
120
R2 +
7
20
RµνR
µν
)
,
where the constant ǫ = 4 − d within dimensional regu-
larization. At two loops these divergences have the form
[36]:
∆L(2) =
209
1440(16π2)2ǫ
RαβµνR
µν
σλR
σλ
αβ .
As properly noted in [34], the key feature is that higher
powers ofR, Rµν and Rµνσλ, are involved at higher loops.
In this regard the two toy models proposed in [17] would
represent an interesting possibility to consider all of the
higher order modifications of GR, i. e., all of the higher
order graviton loops, without involving a perturbative
approach. One would naively expect that, consideration
of the whole infinite tower of curvature invariants, would
amount to consideration of all of the higher order loops.
Hence, quantum effects would be manifest, at least, at
high curvature regime.
Our aim is to corroborate, from the dynamical systems
perspective, the result of [17] that primordial inflation is
a generic outcome of the resulting cosmological model.
While doing so, the role of the new scale L >∼ LPl (LPl is
the Planck length), will be revealed as well. We will be
able to connect the inflationary stage with effects that
arise at curvature scales ∼ L−2Pl
>
∼ L
−2, so that these
are necessarily quantum effects. We shall show that, in
the “classic limit”, i. e., in the limit when the coupling
of the higher curvature corrections vanishes, the primor-
dial inflation of quantum origin is replaced by a bigbang
singularity.
We have organized the paper in the following way. In
section II the basic elements of the geometric inflation
formalism are given. In section III we expose the main
properties of the dynamical system corresponding to the
two toy models proposed in [17], where the sum of the
infinite tower of higher curvature corrections to gravity
is explicitly computed. The global dynamics of the men-
tioned toy models are discussed in section IV where the
results of the dynamical systems study are presented and
physically analyzed. In section V we discuss on the phys-
ical consequences of the obtained results, while brief con-
clusions are given in section VI. Unless otherwise stated,
here we use the units where 8πGN = M
−2
Pl = c
2 = 1
(MPl is the Planck mass).
II. THE BASICS OF THE GEOMETRIC
INFLATION FORMALISM
Here we consider the formalism proposed in [17] that
is given by the following action:
S =
1
2
∫
d4x
√
|g|
[
R− 2Λ +
∞∑
n=3
λnL
2n−2R(n)
]
, (9)
whereR(n) are densities constructed from contractions of
the metric and the Riemann tensor, λn are dimensionless
constants and L−1 is a new energy scale below the Planck
scale, L−1 <∼ L
−1
Pl . For L
−1 ≪ L−1Pl (and λ3 6= 0) the
theory is affected by causality issues due to the presence
of an infinite tower of massive higher spin particles [37].
Besides, as stated in [17], the most reasonable choice for
the new scale L−1 seems to be that it corresponds to
some new scale below the Planck mass, but high enough
to make the higher-curvature effects become negligible
4at late times. Here, in line with the former analysis, we
shall assume that L−1 <∼ L
−1
Pl .
Among other desirable properties, the geometric in-
flation theory is ghost-free around maximally symmet-
ric backgrounds and the FRW cosmological equations of
motion are second order such as these are for the CECG
theory [15]. Actually, in terms of the FRW line-element
with flat spatial sections:
ds2 = −dt2 + a2(t)δikdx
idxk,
the cosmological equations of motion derived from (9)
with the addition of a matter piece of action read [17]:
3F (H) = ρm + Λ,
H˙
H
F ′(H) = −(pm + ρm),
ρ˙m = −3H(ρm + pm), (10)
where H is the Hubble parameter, ρm and pm are the
energy density and pressure of the matter fluid3 and F ′ ≡
dF/dH . The function F = F (H) reads:
F (H) = H2 + L−2
∞∑
n=3
(−1)nλn (LH)
2n
. (11)
In [17] two different kinds of conditions were given on
the dimensionless parameters λn such that the infinite
summation in (11) can be explicitly performed.4 These
conditions led to two different toy models that are based
in the following forms of the function F :
F (H) = H2
[
1 + λ4 (LH)
6 e(LH)
4
]
, (12)
for model 1 and
F (H) = H2
{
1− λ3 (LH)
4
[
1− (LH)
2
e(LH)
2
]}
, (13)
for model 2. Since in these models it is possible to sum
over the infinite tower of higher-order curvature contri-
butions, we expect that at high curvature H2 >∼ L
−2
quantum gravitational effects would become important,
if the present classical theory is regarded as an effective
quantum theory [34]. As a matter of fact, the Planck
length represents the boundary of the quantum domain,
so that below LPl, i. e., at very high curvatureH
2 >
∼ L
−2
Pl ,
quantum gravity is the dominating contribution. Strictly
speaking, we would trust the present formalism up to cur-
vatures ∼ L−2Pl .
3 In what follows, for simplicity, we assume the following equation
of state (EOS) for the matter fluid: pm = ωmρm, where the
constant ωm is the EOS parameter.
4 As clearly stated in [17] many other summable choices are pos-
sible.
III. THE DYNAMICAL SYSTEM
Here we follow quite a different approach than in [32].
We choose variables of some phase space that are dimen-
sionless and bounded as in the mentioned reference, but
the constants of the theory λk, where k = 4 for model
1, while k = 3 for model 2, are not absorbed into these
variables. Instead these remain as free constants of the
dynamical system, affecting the existence and stability of
the equilibrium configurations.
A. Model 1
The cosmological equations of motion (10) for the
choice (12) read:
1 + λ4L
6H6eL
4H4 = Ωm +ΩΛ,
−2
H˙
H2
=
3(ωm + 1)Ωm
1 + 2λ4L6H6eL
4H4 (2 + L4H4)
, (14)
where, as customary, Ωm ≡ ρm/3H
2 is the dimensionless
energy density of the matter degrees of freedom, while
ΩΛ = Λ/3H
2.
Here, in order to investigate the global asymptotic dy-
namics of this model, we introduce the following bounded
variables of some phase space:
x ≡
1
1 + L2H2
⇒ L2H2 =
1− x
x
,
y ≡
1
1 + Ωm
⇒ Ωm =
1− y
y
, (15)
where 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1. The modified Friedmann
constraint – first equation in (14) – can be written in the
following way:
ΩΛ =
2y − 1
y
+
λ4(1 − x)
3e(
1−x
x )
2
x3
, (16)
meanwhile,
H˙
H2
= −
3(ωm + 1)x
2A(x)(1 − y)
2B(x)y
, (17)
where, for compactness of writing, we have introduced
the functions:
A(x) = x3e−(
1−x
x )
2
,
B(x) = x5e−(
1−x
x )
2
+2λ4(1 − x)
3(3x2 − 2x+ 1), (18)
respectively.
5In terms of the phase space variables x, y, the second-
order cosmological equations (10) may be traded by the
following two-dimensional autonomous dynamical sys-
tem:
dx
dv
=
3(ωm + 1)x
3(1− x)A(x)(1 − y)
B(x)
,
dy
dv
= 3(ωm + 1)y(1− y)
[
y −
x2A(x)(1 − y)
B(x)
]
,(19)
where we have introduced the time variable
v =
∫
(1 + Ωm)Hdt. (20)
The phase space where to look for equilibrium configu-
rations of the dynamical system (19) is the following unit
phase square:
Ψ = {(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1} . (21)
The separatrix
S = {(x, y) : 0 ≤ x ≤ 1, y = y¯1(x)} , (22)
where
y¯1(x) =
A(x)
2A(x) + λ4(1− x)3
, (23)
separates the region where the backgound space is de
Sitter, ΩΛ ≥ 0 ⇒ y ≥ y¯1(x), from the region where the
background space is anti-de Sitter, ΩΛ < 0 ⇒ y < y¯1(x).
Here we concentrate in de Sitter background spaces ex-
clusively, so that we shall consider only the region of the
phase square above the separatrix:
Ψphys,1 = {(x, y) : 0 ≤ x ≤ 1, y¯1(x) ≤ y ≤ 1} . (24)
Another curve of physical interest is the one related
with the change of sign of the deceleration parameter:
q ≡ −1−
H˙
H2
, (25)
i. e., the curve that follows from the condition q = 0,
yˆ1(x) =
3(ωm + 1)x
2A(x)
3(ωm + 1)x2A(x) + 2B(x)
. (26)
Accelerated expansion occurs whenever y > yˆ1(x).
B. Model 2
Here, as in the former subsection, we shall focus in
de Sitter background spaces exclusively, so that only the
case with Λ ≥ 0 will be of interest. The cosmological
equations of motion (10) for the choice (13) read:
1− λ3L
4H4 + λ3L
6H6eL
2H2 = Ωm +ΩΛ,
H˙
H2
=
−3(ωm + 1)Ωm/2
1− 3λ3L4H4 + λ3 (4 + L2H2)L6H6eL
2H2
,
Ω˙m = −HΩm
[
3(wm + 1) + 2
H˙
H2
]
, (27)
where λ3 is a dimensionless coupling constant and, as
before, Ωm ≡ ρm/3H
2 while ΩΛ = Λ/3H
2.
We shall use the same variables (15). We get that,
ΩΛ =
2y − 1
y
− λ3
(
1− x
x
)2 [
1−
(
1− x
x
)
e
1−x
x
]
,(28)
and
H˙
H2
= −
3(ωm + 1)x
4(1 − y)
2D(x)y
, (29)
where we have introduced the functions:
C(x) = 3x2 − (1 + 3x)(1 − x)e
1−x
x ,
D(x) = x4 − λ3(1− x)
2C(x). (30)
The following ODE-s are obtained out of (15) and (27):
x′ = −2x(1− x)
H˙
H2
,
y′ = y(1− y)
[
3(ωm + 1) + 2
H˙
H2
]
,
where the prime denotes derivative with respect to the
time variable τ = ln a. In a more explicit form the above
equations can be written as it follows:
dx
dv
=
3(wm + 1)x
5(1− x)(1 − y)
D(x)
,
dy
dv
= 3(wm + 1)y(1− y)
[
y −
x4(1− y)
D(x)
]
, (31)
where we have used the time variable v in (20), instead
of τ =
∫
Hdt.
Since here we consider de Sitter background spaces ex-
clusively ΩΛ ≥ 0, then from (28) it follows that the phys-
ically meaningful region of the phase space Ψ = {(x, y) :
60 ≤ x ≤ 1, 0 ≤ y ≤ 1} is the one located above the
separatrix y = y¯2(x), where
y¯2(x) =
x3
2x3 − λ3(1− x)2
[
x− (1 − x)e
1−x
x
] , (32)
i. e.,
Ψphys,2 = {(x, y) : 0 ≤ x ≤ 1, y¯2(x) ≤ y ≤ 1} . (33)
Accelerated expansion occurs for points above the
curve y = yˆ2(x):
yˆ2(x) =
3(wm + 1)x
4
3(wm + 1)x4 + 2D(x)
. (34)
IV. GLOBAL DYNAMICS OF THE MODELS
Before we list the critical points of the dynamical sys-
tems corresponding to the above models and expose their
main properties, we want to briefly discuss on an impor-
tant issue in connection with the existence of a quantum
inflationary manifold in the phase space of the models as
it is revealed by the numerical investigation. The fact
that in the models (12), (13), it is possible to sum over
the infinite tower of higher order curvature corrections
in (11), means that geometric manifestation of quan-
tum effects is possible in these models. If this were so,
then these effects should be reflected in the properties of
the phase space, including its equilibrium configurations.
One would expect, in particular, that the inflationary be-
havior in the models would be strongly correlated with
quantum effects.
This represents a problem in what regards to the dy-
namical systems study since, in the quantum domain, due
to quantum fluctuations of vacuum, any equilibrium con-
figuration could not strictly satisfy the definition of a crit-
ical point, in particular the requirement of exact vanish-
ing of the generalized speed (dx/dv, dy/dv) = (0, 0). In
this case one should establish a criterion for the accuracy
within which to consider vanishing values of the deriva-
tives and of the variables themselves. In the present for-
malism the dimensionless constants λk (k = 4 for model
1 while k = 3 for model 2) determine the strength of
the coupling of higher curvature corrections to gravity.
Hence, it seems appropriate to choose these constants as
a good standard to establish the mentioned criterion. For
purposes of our calculations, here we assume that quan-
tities with values ≤ 10−5λk could be assumed vanishing
with an appropriate level of accuracy.
A. Critical points and their properties
The critical points Pi : (xi, yi) of the dynamical sys-
tems (19) and (31) in the physically meaningful phase
spaces Ψphys,1 and Ψphys,2, respectively, as well as their
stability properties, are listed and briefly discussed below
(see the related FIG. 2).
1. Quantum inflationary manifold,
Qinfl = {(x, 0) : 0 ≤ x ≤ 〈x〉}, (35)
where the length of the manifold is an averaged
value. This is a “fuzzy manifold” since 〈x〉 is not
a definite value but, rather, an averaged quantity
because, due to the quantum behavior near of the
Planck scale L−1Pl , there are quantum fluctuations.
We assume that at the average value 〈x〉, H ≈ L−1Pl ,
so that the boundary of the quantum domain is
located, precisely at 〈x〉.
This manifold can be found only through numeric
investigation, as shown in FIG. 1. Although at
y = 0, the right-hand side of the second equation in
the dynamical systems (19) and (31) exactly van-
ishes, the right-hand side of the first equation (the
one for dx/dv) does not vanish exactly but at the
origin. Nevertheless, the numerical inspection re-
veals that there is a region where, within the given
accuracy: dx/dv <∼ 10
−5λk, the latter derivative
can be assumed vanishing as well (see FIG. 1). This
means that it is a critical manifold.
The fact that all of the relevant quantities evaluated
at points in Qinfl blowup:
Ωm →∞, ΩΛ →∞,
while H˙/H2 → 0/0 is undetermined, is just a man-
ifestation of the quantum nature of points in this
manifold. Actually, the quantum inflationary man-
ifold is located inside the quantum domain where
the motion equations of the present classical for-
malism are not supposed to be valid.
From the numerical investigation it follows that
critical points in Qinfl are past attractors. In gen-
eral the manifold is a global past attractor since
any possible orbit in the phase space starts at a
point in Qinfl. Although in the quantum domain
we lose track of any classical curve such as, for in-
stance, the separatrix or the curve where q = 0,
immediately after abandoning points in Qinfl the
orbits of the phase space enter a region where the
expansion is accelerated, this is why we may relate
this manifold with inflationary behavior.
2. Standard bigbang solution Pbb : (0, 1/2). In this
case x = 0 ⇒ H ≫ L−1, while y = 1/2⇒ Ωm = 1.
This solution exists only for λk = 0, i. e., in the
limit of vanishing coupling of the higher curvature
corrections to gravity. Whenever it exists Pbb is
the global past attractor.
7FIG. 1: Plots of dx/dv vs x in the dynamical system for model 1 – top panels – and for model 2 – bottom panels – for the
radiation, for different choices of the dimensionless constants λ4 and λ3. From left to the right: i) λk = 10
−5, ii) λk = 10
−2
and iii) λk = 1, where k = 4 for model 1, while k = 3 for model 2.
3. Matter domination, Pmat : (1, 1/2) ⇒ H ≪ L
−1
and Ωm = 1, i. e., 3H
2 = ρm. Given that the
eigenvalues of the linearization matrix at Pmat:
λ1 = −3(ωm + 1)/2, λ2 = 3(ωm + 1)/2,
are of different sign, this means that the matter-
dominated solution is a saddle critical point. At
this solution ΩΛ = 0, while Ωm = 1 ⇒ 3H
2 = ρm,
and
H˙
H2
= −
3
2
(ωm + 1)⇒ q =
3ωm + 1
2
.
4. de Sitter attractor manifold:
MdS = {(x, 1) : 0 ≤ x ≤ 1}, (36)
which exists only for de Sitter (Λ > 0) background
spaces. For points in MdS we obtain the following
eigenvalues of the corresponding linearization ma-
trix: λ1 = 0, λ2 = −3(wm + 1). The vanishing
eigenvalue is associated with an eigenvector that is
tangent to the manifold at each point. The sec-
ond eigenvalue is always a negative quantity. This
means that, as seen from the FIG. 2, each one of the
critical points inMdS is a local attractor, i. e., the
manifold itself is a global attractor of orbits in Ψ.
For each point in the de Sitter attractor manifold,
H˙ = 0, Ωm = 0 ⇒ q = −1. Besides:
ΩΛ = 1 + λ4
(
1− x
x
)3
e(
1−x
x )
2
, (37)
for model 1, while for model 2:
ΩΛ = 1− λ3
(
1− x
x
)2 [
1−
(
1− x
x
)
e
1−x
x
]
, (38)
with x ∈MdS in both cases.
The above critical points are common to both models
1 and 2. Besides, there are not other equilibrium states
in the phase spaces of these models.
B. Physical analysis of the phase portrait
In FIG. 2 the phase portraits of the dynamical sys-
tem (19) for toy model 1 (top panels) and of (31) for toy
model 2 (bottom panels), are shown. The critical points
Pbb (exists only for vanishing coupling λk = 0) and Pmat
8FIG. 2: Phase portrait of the dynamical systems for model 1 – top panels – and for model 2 – bottom panels – for the radiation
(ωm = 1/3) for different choices of the dimensionless constants λk (k = 4 for model 1 and k = 3 for model 2). From left to
the right: i) λk = 0 (ΛCDM model), ii) λk = 10
−5, iii) λk = 10
−2 and iv) λk = 1. The critical points Pbb : (0, 1/2) (exists
only for λk = 0) and Pmat : (1, 1/2) are enclosed by the small circles, while the de Sitter critical manifold MdS is represented
by the dash-dot line coincident with the upper boundary. The quantum inflationary manifold Qinfl = {(x, 0) : 0 ≤ x ≤ 〈x〉} is
represented by the dash-dot line at y = 0 (lower boundary) that starts at the origin and ends up at the solid circle representing
the averaged value 〈x〉. The vertical dark-gray strip represents the quantum region. Its fuzzy boundary is at 〈x〉, i. e., at the
mean value of the x-coordinate at which H ≈ L−1
Pl
. The vertical dotted straight line represents the point where H = L−1. To
the left of this line the energy is greater than the new scale. The separatrix S – solid dark curve – and the curve corresponding
to the condition q = −1 − H˙/H2 = 0 – dash dark curve – are also shown. The region above the separatrix is for de Sitter
background (ΩΛ > 0) while the region below it (gray shading) corresponds to anti-de Sitter background space which is not
of interest here. Above the dashed curve the expansion occurs at an accelerated pace while below it the cosmic expansion is
decelerated. The orbits that meet the region with decelerated expansion (magenta shading) are drawn same color as the region.
appear enclosed by the small circles, while the de Sitter
attractor manifold MdS is represented by the dash-dot
line joining the points (0, 1) and (1, 1). This manifold
coincides with the upper boundary of the phase square.
The inflationary quantum manifold Qinfl is represented
by the dash-dot line with coordinate y = 0, starting at
the origin and ending up at the solid circle with coordi-
nate 〈x〉 (it coincides with the corresponding segment of
the lower boundary). As a matter of fact 〈x〉 is an aver-
aged value due to quantum fluctuations of the boundary
of the inflationary manifold. The value 〈x〉 defines the
condition H ≈ L−1Pl , i. e., it represents the fuzzy bound-
ary of the quantum domain inside which the equations
of the present formalism are not valid anymore. The
straight vertical dot line represents the boundary where
H = L−1. To the left of this boundary the energies are
higher than the new scale L−1.
For completeness, the relevant curves y¯j = y¯j(x) (j = 1
for model 1 while j = 2 for model 2) in (23) and (32), re-
spectively, i .e., the separatrices represented by the solid
dark curves in the figure, and yˆj = yˆj(x) in (26) and
(34), respectively (dash dark curves), have been included
as well in the phase portraits. The region below the sep-
aratrix – gray shading – corresponding to anti-de Sitter
background spaces, is not of interest for the present in-
vestigation. The region with y¯j ≤ y ≤ yˆj (magenta shad-
ing in the figure) is where the expansion happens at an
accelerated pace.
1. ΛCDM model
The existence of the energy scale L−1 <∼ L
−1
Pl appre-
ciably modifies the global dynamics of the ΛCDM model
emerging from the geometric inflation formalism when
compared with the known GR-based result. Actually,
the ΛCDM model retrieved from the present set up in
the limit when the coupling λk → 0, does not exactly co-
incide with the one obtained within the framework of gen-
eral relativity. In particular, the quantum manifold Qinfl
9is replaced by the global past attractor Pbb : (0, 1/2).
This latter equilibrium state has no analogue in the GR-
based ΛCDM model where only two critical points can
be found: i) the matter-dominated past attractor and ii)
the de Sitter future attractor. This discrepancy is due to
the fact that the point Pbb is deep inside the high energy
domain H ≫ L−1 (vertical dot line in FIG. 2) while the
GR-based ΛCDM model is for energies H ≪ L−1, where
the effects of the new scale have no impact in the cosmo-
logical dynamics. As a matter of fact, the limit λk → 0
is equivalent to the “classical limit” LPl → 0. Hence,
this limit may be thought of as the classical limit of the
geometric inflation formalism, where the quantum effects
are neglected. This is why the bigbang cosmological sin-
gularity arises in this limit.
In the λk → 0 limit of the present formalism the
matter-dominated solution Pmat is a saddle point. It at-
tracts orbits along the x direction that are sourced at Pbb
and then repels them along the y direction towards a de
Sitter point in MdS. This is why one of the eigenvalues
λ1 = −3(ωm+1)/2 (the one related with the eigenvector
along the x direction) is negative, while the other one
λ2 = 3(ωm + 1)/2, which is related with the eigenvector
along the y direction, is positive. In the low curvature
limit H2 ≪ L−2 (x → 1 ⇒ LH → 0), the x dimension
is shrank to a point and we are left with a phase line
{(x, y) : x = 1, 1/2 ≤ y ≤ 1}. In this limit only the
positive eigenvalue remains so that the point Pmat trans-
forms into the global past attractor. This result shows
that the correct GR-limit of the geometric inflation set
up is LH → 0, instead of λk → 0. We shall discuss more
on this in section V.
It is worth noticing that the ΛCDM limit of the geo-
metric inflation formalism is a classic limit in the sense
that the coupling λk of the higher order curvature con-
tributions to gravity is vanishing. This means that any
geometrical manifestation of the quantum effects is elim-
inated. This is why in the left-hand panels of FIG. 2 for
the ΛCDM limit of the geometric inflation model, the
quantum domain (dark-gray vertical strip) is not visible.
As a matter of fact, in the λk → 0 limit of the geomet-
ric inflation formalism, the quantum domain is shrank to
the neighborhood of the point x = 0, i. e., in this case
L−1 <∼ L
−1
Pl → ∞. However, as commented above, even
in this classic limit the existence of the scale L−1 makes
a difference as compared with general relativity.
2. Quantum inflationary manifold Qinfl
As said this is a fuzzy manifold since it falls within the
quantum domain H ≥ L−1Pl . Along the manifold, from
x = 0 to x = 〈x〉, the Hubble parameter changes from
very high curvature regime H ≫ L−1 at x = 0, to
H(〈x〉) =
√
1− 〈x〉
〈x〉
L−1, (39)
at x = 〈x〉. Although an analytical expression for 〈x〉
can not be found, it can be evaluated numerically. In
FIG. 2 〈x〉 is represented by the solid circle. It is deter-
mined by the chosen criterion according to which quan-
tities with values ≤ 10−5λk may be assumed vanishing
with an appropriate level of accuracy. Hence, for the
value λk = 10
−5, where k = 4 for model 1 while k = 3
for model 2 (panels in the left-hand column in FIG. 1) we
obtain that 〈x〉 = 0.17 for model 1 while 〈x〉 = 0.05 for
model 2. For λk = 10
−2 (panels in the middle column of
FIG. 1) we get that 〈x〉 = 0.22 for model 1 and 〈x〉 = 0.1
for model 2. For panels in the right-hand column of FIG.
1, λk = 1 so that 〈x〉 = 0.3 for model 1 while 〈x〉 = 0.2
for model 2.
In this paper we identify the averaged value 〈x〉 with
the position of the quantum boundary in the phase por-
trait, i. e., with the point where H ≈ L−1Pl . Since, ac-
cording to (39), in this case:
H = L−1
√
1− 〈x〉
〈x〉
≈ L−1Pl ,
then
L−1 ≈
√
〈x〉
1− 〈x〉
L−1Pl . (40)
Hence, for the choice λ4 = 10
−5 in model 1, since
〈x〉 = 0.17, we get L−1 ≈ 0.45L−1Pl . If, on the contrary,
one establishes a priori a relationship between the new
and the Planck scales, for instance: L−1 ≈ 10−1L−1Pl , this
leads to 〈x〉 ≈ 10−2. At this point dx/dv ≈ 10−4269 =
10−4264 × 10−5λ4, which is much much below the es-
tablished criterion based on the quantity 10−5λ4. This
means that the relationship between the new and the
Planck scales is what determines the accuracy in the iden-
tification of the inflationary quantum manifold.
It is interesting to note that orbits that originate deep
inside the quantum region are vertical lines joining a
point in Qinfl with a point with same x-coordinate in
the attractor de Sitter manifold MdS. This means that
initial conditions deep inside the quantum domain lead to
de Sitter ever expanding sterile universes (cosmic struc-
ture is not formed at any stage) with constant
H = H0 =
√
1− x0
x0
L−1,
where x = x0 is the initial condition. We have to re-
call, however, that inside the quantum domain we may
not trust the results obtained on the basis of the present
classical theory.
In order for a given orbit to lead to sensible cosmic
dynamics it should leave the quantum domain and af-
ter a primordial inflationary period to meet the region of
the phase space where the expansion occurs at a decel-
erated peace, i. e., the region where y¯j(x) ≤ y < yˆj(x),
10
with y¯j(x) and yˆj(x) (j = 1, 2) given by (23), (32) and
(26), (34), respectively. In FIG. 2 the orbits that lead to
well-behaved cosmic dynamics are same color than the
magenta-shading region where the deceleration parame-
ter q > 0. The decelerated expansion stage is mandatory
for the required amount of cosmic structure to form. For
those orbits that evolve always in the region where the
expansion is accelerated (black thin solid curves) no cos-
mic structure forms at all. In consequence we call this
region as sterile inflation region.
3. de Sitter attractor manifold MdS
The de Sitter attractor manifold owes its existence to
the non-vanishing cosmological constant Λ that is in-
cluded in the model from the start [17]. This warrants
that the decelerated expansion, whenever it takes place,
can be only a transient stage of the cosmic evolution.
From FIG. 2 it is seen that those orbits that represent
sensible cosmic dynamics start in a stage of primordial
curvature inflation, then go into a stage of decelerated
expansion where the appropriate amount of cosmic struc-
ture forms (magenta-shading region in FIG. 2), to finally
enter another inflationary and, eventually, end up at a
de Sitter regime.
V. DISCUSSION
One of the most important features of the geometric
inflation formalism [17] is the existence of the energy scale
L−1 <∼ L
−1
Pl . This property is independent of the specific
model considered to sum the infinite series in (9).
The importance of the new energy scale L−1 is clearly
illustrated in the limit λk → 0 of the models, when the
ΛCDM paradigm is retrieved from the present set up.
As stated in subsection IVB1, in this limit the global
dynamics differs from the one obtained in the GR-based
model. For the GR-based ΛCDMmodel the motion equa-
tions read:
Ωm +ΩΛ = 1,
2
H˙
H2
= −3(wm + 1)Ωm,
ρ′m = −3(wm + 1)ρm, (41)
where the prime denotes derivative in respect to the num-
ber of e-foldings τ = ln a. Given the Friedmann con-
straint (first equation above), in this case only one of the
dimensionless energy density parameters can be an inde-
pendent variable of some phase line. Take, for instance,
0 ≤ Ωm ≤ 1 to be the independent variable. We can
trade the cosmological equations (41) by the following
autonomous ordinary differential equation:
Ω′m = −3(wm + 1)Ωm (1− Ωm) . (42)
The critical points of this one-dimensional dynamical sys-
tem are: i) Ωm = 1, the matter-dominated source point
and ii) Ωm = 0, the de Sitter attractor point. This
is to be contrasted with the ΛCDM limit, λk → 0, of
the present formalism (see the discussion in subsection
IVB1 and the left-hand panels of FIG. 2). In this limit
there are two critical points and a critical manifold. The
past global attractor is the matter-dominated bigbang
Pbb : (0, 1/2), where Ωm = 1 and, since x → 0 then
H ≫ L−1. This solution has no analogue in the GR-
based ΛCDM model. In addition to the former equilib-
rium point there is the saddle standard or GR matter-
dominated solution Pmat : (1, 1/2) where 3H
2 = ρm. In
this case since x→ 1, then H ≪ L−1. This is to be con-
trasted with the similar solution in the GR-based ΛCDM
model which is the past attractor instead of a saddle
point in the phase plane. Finally, in the present set up
there is the de Sitter manifold MdS (36) constituted by
attractor de Sitter points characterized by
H = H0 = L
−1
(
1− x0
x0
)
,
with x0 being a fixed value in the interval 0 ≤ x0 ≤ 1. In
the left-hand end of the interval, i. e., in the x0 → 0 limit,
we have de Sitter expansion with very large H0 ≫ L
−1
while, in the right-hand end where x0 → 1, we get GR de
Sitter expansion with H0 ≪ L
−1. Critical points in this
limit (x→ 1) are the ones analogous to the standard de
Sitter attractor in the GR-based ΛCDM model.
As seen from the above discussion, in order to get
the standard GR-based ΛCDM model as a particular
case of the geometric inflation set up, it is not neces-
sary (not enough) to take the limit λk → 0 but, in-
stead, it is required to go to the low-curvature limit
LH → 0 (H ≪ L−1). In this limit the critical point
Pbb : (0, 1/2) does not exists and one of the eigenvalues
λ± = ±3(wm + 1)/2 of the linarization matrix for the
matter-dominated point Pmat : (1, 1/2), vanishes since
the phase space decreases dimension from 2 to 1 in this
limit: Ψphys shrinks to the vertical line at x = 1. Only
the positive eigenvalue λ+ survives rendering Pmat the
source point as it is for the GR-based situation.
A. On the inflationary stages in the present set up
In what regards to the inflationary stages in the ge-
ometric inflation model, there are two of them. One
primordial inflationary period and a second inflationary
stage at late times. For some orbits – those leading to
sterile evolution – these stages are continuously joined
while for others – the ones that allow for the correct
amount of cosmic structure to form – an intermediate
epoch of decelerated expansion joins the two inflation-
ary stages (see FIG. 2). Hence, the arising of a sensible
cosmological dynamics in the geometric inflation model
depends on the initial conditions.
From the motion equations (14) and (27) it follows that
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−2H˙ =
(wm + 1)ρm
1 + 2λ4(2 + L4H4)L6H6 eL
4H4
, (43)
for the model 1, while
−2H˙ =
(wm + 1)ρm
1− 3λ3L4H4 + λ3(4 + L2H2)L6H6 eL
2H2
,(44)
for model 2, where ρm ∝ a
−3(wm+1). In the very high
curvature limit H ≫ L−1, the de Sitter expansion is
approached as long as
L10H10eL
4H4 ≫ a−3(wm+1),
for the model 1 or
L8H8eL
2H2 ≫ a−3(wm+1),
for model 2, so that H˙ → 0. But since L−1 <∼ L
−1
Pl , this
means that the very high curvature regime H ≫ L−1
falls in the quantum domain where the motion equa-
tions of the geometric inflation model stop being valid.
Hence, while at late times the expansion is de Sitter
a(t) ∝ exp(
√
Λ/3t), at early times the inflationary stage
is not always de Sitter. As we have just shown, the pri-
mordial de Sitter inflation takes place in the quantum
domain (vertical orbits in the dark gray-shading strip
in FIG. 2) so that, no sensible cosmic dynamics can be
linked with it. Besides, within the quantum domain the
motion equations of the present formalism are not valid
anymore, so that it is not clear whether the primordial
de Sitter expansion actually takes place in this set up.
The sensible cosmological scenario in the present for-
malism takes place if for large (but not too much) curva-
ture L−2 <∼ H
2 <
∼ L
−2
Pl , i. e., for cosmic evolution in the
part of the phase square in FIG. 2 to the left of the verti-
cal dot line and without the dark-gray strip representing
the quantum domain, the crossing of the condition q = 0
in the direction from q < 0 to q > 0, is possible. For the
choice wm = 1/3 (background radiation), at early times
where ρm ≫ Λ (i. e., one may safely set Λ = 0), the
deceleration parameter q = −1− H˙/H2 reads
q =
1− 2λ4(1 + L
4H4)L6H6eL
4H4
1 + 2λ4(2 + L4H4)L6H6eL
4H4
, (45)
for model 1, while for model 2 we have:
q =
1 + λ3L
4H4 − λ3(2 + L
2H2)L6H6eL
2H2
1− 3λ3L4H4 + λ3(4 + L2H2)L6H6eL
2H2
. (46)
Hence, the condition q = 0 amounts to:
(1 + L4H4)L6H6eL
4H4 =
1
2λ4
, (47)
for model 1 and
(2 + L2H2)L6H6eL
2H2 =
1
λ3
+ L4H4, (48)
for model 2. Whenever the left-hand side (LHS) in
the above equations is greater than the right-hand side
(RHS) – recalling that L−1 <∼ H
<
∼ L
−1
Pl –, primordial
non-de Sitter inflation takes place. Then, as long as
H further decreases so that the LHS of equations (47)
and (48) becomes smaller than the RHS, the crossing of
the condition q = 0 takes place and the corresponding
phase space orbits enter a decelerated expansion region
(magenta shading in FIG. 2), with the consequent for-
mation of cosmic structure. Notice from equations (45)
and (46) that, if consider the very high curvature regime
H2 ≫ L−2 ⇒ H2 > L−2Pl , it follows that q → −1, i. e.,
this is a de Sitter expansion regime taking place in the
quantum domain H−1 < LPl, as discussed above.
VI. CONCLUSION
In this paper, based on the dynamical systems analysis,
we have discussed on the geometric origin of primordial
inflation in the geometric inflation formalism [17]. We
have investigated two toy models proposed in the men-
tioned reference, where the sum over the infinite tower
of higher-order curvature invariants is performed, yield-
ing to compact expressions in the equations of motion.
These are very encouraging possibilities if regard gravity
as a quantum effective theory [34], since higher powers
of R, Rµν and Rµνσλ, would be involved at higher loops.
Hence, one would naively expect that consideration of
the whole infinite tower of curvature invariants, would
amount to consideration of all of the higher order loops,
so that quantum effects would be manifest.
Perhaps the more interesting result of the present re-
search has been to show, precisely, the quantum origin of
the primordial inflation in the geometric inflation theory.
This is a consequence of the new length scale L which is
assumed above (but not too much) of the Planck length
LPl: L >∼ LPl. As seen from FIG. 2, for equilibrium
points in the inflationary past attractor we have that
H−1 < LPl, so that any orbit that leads to either un-
physical or sensible cosmic dynamics, starts in the past
attractor (or in its boundary) within the quantum do-
main.
In order to allow for under-Planckian initial energy
densities, recently an hybrid geometric inflation model
was proposed [38], where the role of a scalar field in the
geometric inflation formalism is investigated. Although
this model misses one of the most attractive features of
the geometric inflation formalism: the pure geometrical
origin of primordial inflation, it would be very interest-
ing to explore the asymptotic dynamics of such an hybrid
scenario. This will be the subject of forthcoming work.
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